Abstract. Let ℓ be an odd prime and d a positive integer. We determine when there exists a degree-d number field K and an elliptic curve E/K with j(E) ∈ Q \ {0, 1728} for which E(K)tors contains a point of order ℓ. We also determine when there exists such a pair (K, E) for which the image of the associated mod-ℓ Galois representation is contained in a Cartan subgroup or its normalizer, conditionally on a conjecture of Sutherland. We do the same under the stronger assumption that E is defined over Q.
Introduction
Let E be an elliptic curve over a number field K with algebraic closure K. For an odd prime ℓ, let E[ℓ] denote the ℓ-torsion subgroup of E(K), which we recall is a free rank-2 Z/ℓZ-module. The absolute Galois group Gal(K/K) acts on E[ℓ] via its action on the coordinates of its points, which induces a continuous Galois representation
where the isomorphism with GL 2 (Z/ℓZ) depends on a choice of a Z/ℓZ-basis of E [ℓ] . Thus, we may regard the image of ρ E,ℓ as a subgroup of GL 2 (Z/ℓZ) determined up to conjugacy. Moreover, ρ E,ℓ factors through the finite Galois group Gal(K(E[ℓ])/K), where the ℓ-torsion field K(E [ℓ] ) is obtained by adjoining to K the coordinates of all ℓ-torsion points of E.
The problem of identifying the possible images of these Galois representations is closely related to that of determining the possible torsion subgroups and isogenies admitted by elliptic curves over a particular number field. Mazur famously classified the possible torsion subgroups E(Q) tors in [25] and the possible ℓ-isogenies of an elliptic curve E/Q in [26] . Kamienny, Kenku and Momose generalized Mazur's results on torsion subgroups to quadratic number fields in [22, 23] , and though no complete characterization for higher-degree number fields is known, there has been recent progress towards characterizing the cubic case [6, 17, 18, 29, 30, 35] , the quartic case [7, 14, 19, 28] , and the quintic case [8, 12] . In particular, the set of torsion subgroups that arise for infinitely many Q-isomorphism classes of elliptic curves defined over number fields of degree d has been determined for d = 3, 4, 5, 6 [10, 20, 21] . The growth of torsion subgroups of elliptic curves upon base change was further studied in [13, 16] . Using Galois representations, Lozano-Robledo has explicitly characterized the set of primes ℓ for which an elliptic curve E/Q has a point of order ℓ over a number field of degree at most d, assuming a positive answer to Serre's uniformity problem [24] . The same was done by Najman for cyclic ℓ-isogenies of elliptic curves with rational j-invariant [27] .
We aim to give a more precise characterization of the degrees of number fields over which elliptic curves exhibit certain properties deducible from the images of their Galois representations. Recently, Sutherland developed an algorithm to efficiently compute Galois images of elliptic curves, and conjectured the following stronger version of Serre's uniformity problem in [34, Conj. 1.1] based on data from some 140 million elliptic curves, including all curves of conductor up to 400,000 [9] : Conjecture 1.1 (Sutherland) . Let E/Q be an elliptic curve without complex multiplication and let ℓ be a prime. Then the image of ρ E,ℓ is either equal to GL 2 (Z/ℓZ) or conjugate to one of the 63 exceptional groups listed in Table 1 (see also [34, Tables 3, 4] ).
Combining this conjecture with the precise characterization of Galois images for elliptic curves over Q with complex multiplication (CM) given in [36, Thm. 1.14-1.16], we are able to deduce the possible subgroups of GL 2 (Z/ℓZ) arising as images of ρ E,ℓ for base changes of elliptic curves E/Q to a number field K, and Table 1 . Known exceptional images of ρ E,ℓ for non-CM elliptic curves E/Q (for ℓ ≤ 11, the list is complete) [34, Tables 3, 4] . The first column lists the prime ℓ; the second column lists the index of the subgroup G in GL 2 (Z/ℓZ); and the third lists generators for G, as matrices acting on column vectors from the left.
for elliptic curves E/K with j(E) ∈ Q, assuming j(E) = 0, 1728.
1 Thus, all results in this paper hold unconditionally for elliptic curves with CM.
Let C s and C ns denote the split and nonsplit Cartan subgroups of GL 2 (Z/ℓZ), and N s and N ns their normalizers. Also, let Z denote the center of GL 2 (Z/ℓZ), that is, the subgroup of scalar matrices, and let P := {ℓ : Let M be either Z, C s , C ns , N s , or N ns . We say that a subgroup G of GL 2 (Z/ℓZ) belongs to M if it is conjugate to a subgroup of M , but not to a subgroup of any other of these five subgroups contained in M . For example, if M is Z, this amounts to requiring that G consists only of scalars; if M is N s , then G must be conjugate to a subgroup of N s but not to any subgroup of C s . The inclusions among these five subgroups are depicted in the following diagram on the left:
ns . Now, to any subgroup M of GL 2 (Z/ℓZ) containing −I, we can associate a modular curve X M defined over the field K M := Q(ζ ℓ ) det M ; thus, X s := X Cs , X ns := X Cns , X + s := X Ns , and X + ns := X Nns are defined over Q, whereas X Z is defined over Q( √ ±ℓ) ⊆ Q(ζ ℓ ). The curve X M is smooth, projective, and geometrically irreducible, and comes with a natural morphism of K M -schemes
with the property that, for an elliptic curve E/K M with j(E) = 0, 1728, the image [36] . The diagram on the right in (1.2) shows the morphisms of these modular curves corresponding to the inclusions in the diagram on the left.
Our first result determines the degrees of number fields K over which the image of the Galois representation attached to an elliptic curve can belong to each of these subgroups M , or equivalently, the degrees of K-points on the modular curves X M : Theorem 1.2. Assume Conjecture 1.1. Let ℓ be an odd prime, and let M be one of the subgroups Z, C s , C ns , N s , or N ns of GL 2 (Z/ℓZ). There exists a set S M (ℓ), identified explicitly in Table 2 , such that the following holds: there exists a degree-d number field K and an elliptic curve E/Q with j(E) = 0, 1728 for which ρ E,ℓ (Gal(K/K)) belongs to M if and only if s | d for some s ∈ S M (ℓ). The set S M (ℓ) satisfies the same condition with E/Q replaced by an elliptic curve E/K with j(E) ∈ Q \ {0, 1728}.
Consequently (3.5) , such that the following holds: there exists a degree-d number field K contained in the ℓ-torsion field of an elliptic curve E/Q with j(E) = 0, 1728 for which Q(E[ℓ])/K is an abelian extension precisely when d ∈ K(ℓ). The set K(ℓ) satisfies the same condition with E/Q replaced by an elliptic curve E/K with j(E) ∈ Q \ {0, 1728}.
As above, we explicitly identify analogous subsets K cm (ℓ), K non-cm (ℓ) ⊆ K(ℓ) for elliptic curves with and without CM, listed in (3.5). Note that Theorem 1.2 already implies that there exists a degree-d number field K and an elliptic curve E/Q with j(E) = 0, 1728 for which the extension
is abelian precisely when r | d for some r ∈ S Z (ℓ) ∪ S Cs (ℓ) ∪ S Cns (ℓ); as in the statement of Theorem 1.2, E may be replaced by an elliptic curve E/K with j(E) ∈ Q \ {0, 1728}. However, Theorem 1.3 provides a more precise characterization of abelian subfields of ℓ-torsion fields by identifying when Table 5 illustrates the first result for all pairs (ℓ, d) with ℓ ≤ 97 and d ≤ 45; a light square indicates that such a number field and elliptic curve exist, and a dark square indicates that they do not [31] . In particular, as shown unconditionally in [15, Thm. 1.1], Q(E[ℓ])/Q can only be abelian for ℓ = 3, 5, though naturally for any elliptic curve E/Q with CM there exists a quadratic field K for which
Finally, we have the following result, which is a refinement of [24, Thm. 1.7] on degrees of number fields over which elliptic curves with rational j-invariant contain torsion points of order ℓ: Theorem 1.4. Assume Conjecture 1.1. Given an odd prime ℓ, there exists a set T (ℓ), identified explicitly in Table 6 , such that the following holds: there exists a degree-d number field K and an elliptic curve E/K with j(E) ∈ Q \ {0, 1728} for which E(K) tors contains a point of order ℓ if and only if t | d for some t ∈ T (ℓ).
The analogous result for elliptic curves defined over Q is proven unconditionally in [16, Cor. 6 .1]; our methods can be easily made to give a proof of this case, which we omit, instead reproducing the resultant sets T Q (ℓ) in Table 6 . We again identify analogous sets
(ℓ) for elliptic curves with and without CM, listed with T (ℓ) and T Q (ℓ). These results agree with, and in some cases Table 5 . Light squares identify pairs (ℓ, d) for which there exists a degree-d number field K contained in the ℓ-torsion field of an elliptic curve E/Q (or E/K) with 2 have this property even if we restrict to CM elliptic curves E with j(E) ∈ Q \ {0, 1728}; for other primes ℓ ≡ 3 mod 4, no such degrees do. Table 8 illustrates this phenomenon for all such ℓ ≤ 83. The entries in its final column can also be derived from [4, 5] : they are "all" when h ℓ = 1 and "none" when h ℓ > 1.
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Background
Let ℓ be an odd prime, and let GL 2 (ℓ) := GL 2 (Z/ℓZ) and SL 2 (ℓ) := SL 2 (Z/ℓZ). The center of GL 2 (ℓ) is the subgroup
be the split Cartan group and nonsplit Cartan group, respectively, for some fixed non-quadratic residue ǫ ∈ F × ℓ . We refer to their conjugates in GL 2 (ℓ) as split and nonsplit Cartan groups, respectively. Note that we have
Both C s (ℓ) and C ns (ℓ) are index-2 subgroups of their normalizers
We denote the matrices in N s (ℓ) and N ns (ℓ) by
The Borel group B(ℓ) ≤ GL 2 (ℓ) is the subgroup of upper triangular matrices; we refer to its conjugates in GL 2 (ℓ) as Borel groups. We refer to GL 2 (ℓ), the Borel groups, the Cartan subgroups, and their normalizers collectively as standard subgroups of GL 2 (ℓ).
The following proposition, originally due to Dickson [11] , classifies subgroups of GL 2 (ℓ) in terms of their images in PGL 2 (ℓ): Proposition 2.1. Let ℓ be an odd prime and G be a subgroup of GL 2 (ℓ) with image H in PGL 2 (ℓ). If G contains an element of order ℓ, then either G is conjugate to a subgroup of the Borel group B(ℓ), or SL 2 (ℓ) is contained in G. Otherwise, one of the following holds:
(1) H is cyclic and a conjugate of G lies in
and no conjugate of G is contained in the normalizer of any Cartan subgroup.
Proof. See [33, §2] .
The terms "div-maximal," "div-minima," and so forth, are defined as expected. The set S is often omitted if it is clear from context. Note that an element of a set S can be both div-minimal and div-maximal.
Proof of Theorems 1.2 and 1.3
Let E/Q be an elliptic curve with j(E) = 0, 1728, and let K be a degree-d number field. The intersection K ∩Q(E[ℓ]) with the ℓ-torsion field of E is a number field of degree r dividing d. Conversely, for any degree-r number field L that is a subfield of Q(E[ℓ]), and d divisible by r, there exists a degree-
is an index-r subgroup, it suffices to determine which index-r subgroups of each possible image G E (ℓ) := ρ E,ℓ (Gal(Q/Q)) belong to each standard subgroup in question. That is, we would like to identify the sets
is either GL 2 (ℓ) or one of the 63 exceptional groups listed in Table 1 by our assumption of Conjecture 1.1. Let Excep(ℓ) denote the set of exceptional subgroups of GL 2 (ℓ). The results for each subgroup in Table 1 were computed [31, 34] using Magma [2] , and the unions of these sets of indices over each Excep(ℓ) are the sets I(Excep(ℓ); M (ℓ)) appearing in Table 9 . The analogous sets I(GL 2 (ℓ); M (ℓ)) are determined in §3.1, and appear in Table 10 . There, and henceforth, we define
for any nonempty L, U ⊆ Z >0 ; we also let
and ν 2 denote the usual 2-adic valuation. Now suppose E has CM. Following [36] , define subgroups
and recall the definitions of (1.1). By [36, Prop. 1.14], if ℓ ∈ P (resp. ℓ ∈ Q) then G E (ℓ) is conjugate to N s (ℓ) (resp. N ns (ℓ)); if ℓ ∈ {3, 7, 11, 19, 43, 67, 163} (i.e., the set of odd primes ℓ such that the imaginary quadratic field Q( √ −ℓ) has class number 1) then G E (ℓ) is conjugate to either N s (ℓ), N ns (ℓ), G(ℓ), H 1 (ℓ), or H 2 (ℓ), and moreover each of these cases occurs for some such E (as a simple Magma computation [31] shows that 4, 7, 8, 11, 19, 43 , 67, 163} = {−1, 0, 1} for all ℓ ∈ {3, 7, 11, 19, 43, 67, 163}); and otherwise G E (ℓ) is conjugate to either N s (ℓ) or N ns (ℓ), with each case occurring for some such E. The sets I(N s (ℓ); M (ℓ)), I(N ns (ℓ); M (ℓ)), and I(G(ℓ), H 1 (ℓ), H 2 (ℓ); M (ℓ)) are determined in §3.2, §3.3, and §3.4, respectively, and appear in Table 10 . Now let K be a degree-d number field, and E/K be an elliptic curve with j(E) ∈ Q \ {0, 1728}. Then E is either a base change of an elliptic curve over Q, or a quadratic twist of such a curve. By [34, Cor. 5.25] , the images ρ E,ℓ (Gal(K/K)) which may arise in this case are precisely the groups G arising for base changes of elliptic curves E/Q, along with their twists: these are the group G, −1 and its index-2 subgroups that do not contain −1. The following lemma shows that a subgroup of GL 2 (ℓ) and its twists always belong to the same subgroup, and therefore all results above hold when E/Q is replaced by an elliptic curve E/K with j(E) ∈ Q \ {0, 1728}.
Proof. Let H be an index-2 subgroup of G, −1 not containing −1, and suppose
Since the above argument respects conjugacy, the conclusion follows by definition. The same proof applies if H = G, −1 .
Altogether, we have proven the following result: Naturally, to restrict to an elliptic curve with or without CM, we may simply replace
(ℓ), respectively. To obtain Theorem 1.2, it remains to choose the div-minimal elements of E M (ℓ), by (3.1). Doing so yields the sets S M (ℓ) in Table 2 ; the sets S cm M (ℓ) and S non-cm M (ℓ) are obtained similarly. For Theorem 1.3, note that the Cartan subgroups are the maximal abelian subgroups of GL 2 (ℓ) not containing an element of order ℓ; by [34, Lem. 3.3] , the maximal abelian subgroup of GL 2 (ℓ) containing an element of order ℓ is given up to conjugacy by the ramified Cartan group
Thus, it remains to determine the sets I(G E (ℓ); C r (ℓ)) for each G E appearing in Table 10 ; note that since Z(ℓ) ⊆ C r (ℓ), we say that a subgroup belongs to C r (ℓ) if it is conjugate to a subgroup of C r (ℓ), but not to a subgroup of Z(ℓ). These sets appear in Tables 9 and 10 and are determined in Lemma 3.3 below. It then follows from (3.1) that 5) which is the desired explicit identification. Table 9 . The set I(Excep(ℓ); M (ℓ)) of indices of subgroups G of some exceptional image Table 1 such that G belongs to M (ℓ), for the standard subgroups M = Z, C s , C ns , N s , N ns , C r . Regarding notation, see (3.3).
Lemma 3.3. The set of indices of subgroups
is the set of positive integers divisible by ℓ 2 − 1 (resp. 2) and dividing
, and the empty set if G E is N s or N ns .
Proof. A subgroup of GL 2 (ℓ) belongs to C r (ℓ) if and only if it is contained in C r (ℓ) and contains ( 1 1 0 1 ) ; the set of indices of such subgroups is evidently
The computations for H 1 (ℓ) and H 2 (ℓ) are analogous, and taking unions gives the result when G E is allowed to be any of these three subgroups.
For the cases where G E (ℓ) is N s (ℓ) or N ns (ℓ), it suffices to note that neither of these subgroups contains an element of order ℓ. Proof. Since finite abelian groups have subgroups of every order dividing the order of the group, and #Z(ℓ) = ℓ − 1, it follows that
as desired. Table 10 . The set of indices of subgroups G of G E (ℓ) such that G belongs to M (ℓ), for each possible non-exceptional image G E (ℓ) = ρ E,ℓ (Gal(Q/Q)) and for the standard subgroups M = Z, C s , C ns , N s , N ns , C r (the final row should be interpreted in the manner of (3.2)). Regarding notation, see (3.3, 3.4). 
Proof. Since
Proof. Since #C ns (ℓ) = ℓ 2 − 1, we again have
however, certain subgroups of C ns (ℓ) may instead lie in the standard subgroup Z(ℓ). Any div-minimal non-scalar subgroup G of C ns (ℓ) with 2 | #G has trivial intersection with Z(ℓ), hence is isomorphic to its image in PGL 2 (ℓ), which has order dividing #C ns (ℓ)/(ℓ − 1) = ℓ + 1. Since G must be non-trivial, we have #G ∈ Π odd (ℓ + 1), and all such possibilities for #G are realized as C ns (ℓ) is cyclic. Otherwise, if #G is even, then G must contain an element γ = D ns (x, y) ∈ C ns (ℓ) \ Z(ℓ) squaring to an element of Z(ℓ); the only such elements are those for which x = 0, which square to an element of ǫZ(ℓ) 2 , i.e., the non-square elements of Z(ℓ). Picking a primitive root α ∈ F × ℓ , we see that G is div-minimal when γ 2 = D ns (α 
for generators τ , α, and β of Z/2Z and the first and second copies of Z/nZ, respectively. Then for any H ≤ G containing (1, τ ), we have
Proof. Let H be a subgroup of G containing (0, τ ). Then (h, τ ) ∈ H if and only if (h, 0) ∈ H as we may perform the group operation with (0, ±τ ) on the right. It follows that H ≃ π 1 (H) ⋊ ϕ τ , where π 1 denotes projection onto the first coordinate of the semi-direct product and π 1 (H) ≤ Z/nZ × Z/nZ. 
Thus, K := K 1 ⋊ ϕ τ is again a subgroup of G containing H as an index-p-subgroup, and this completes the proof. 
Proof. Since #N s (ℓ) = 2(ℓ − 1) 2 , we have
however, certain subgroups of N s (ℓ) may instead lie in the standard subgroup C s (ℓ). Thus, any subgroup G belonging to N s (ℓ) must be non-abelian, so it contains an anti-diagonal element; since any anti-diagonal element of N s (ℓ) has even order, #G is even. If #G = 4, then G is abelian, hence conjugate to a subgroup of C s (ℓ) or C ns (ℓ); thus, if the former is not true, then G must be cyclic. If ℓ ≡ 1 mod 4, then any element of N s (ℓ) of order 4 is diagonalizable by Lemma 3.6, so such a G must be conjugate to a subgroup of C s (ℓ). In this case,
is a non-abelian subgroup of order 8, hence div-minimal. Otherwise, if ℓ ≡ 3 mod 4, pick a primitive root α ∈ F × ℓ ; the subgroup A s (α, α (ℓ−3)/2 ) is cyclic of order 4, and cannot be conjugate to a subgroup of C s (ℓ) as −1 ∈ F × ℓ is not a square, so it is div-minimal. Now, for each q ∈ Π odd (ℓ − 1), the subgroup
is non-abelian and of order 2q, hence div-minimal. Thus,
is the set of div-minima of I(GL 2 (ℓ); N s (ℓ)), for which the corresponding div-minimal subgroups each contain A s (1, 1) (if ℓ ≡ 3 mod 4, then this is not the case for the div-minimal subgroup of order 4; however, any other integer in ∆(4 | 2(ℓ − 1) 2 ) will either be divisible by some other element of (3.7), or divisible by 8. Since the order-8 subgroup (3.6) contains A s (1, 1), the rest of the argument goes through unchanged). Since
with the non-trivial element A s (1, 1) ∈ Z/2Z corresponding to the automorphism in Lemma 3.7, it follows that
is in fact the set of possible indices of subgroups of GL 2 (ℓ) belonging to N s (ℓ).
Lemma 3.9. Let G := Z/nZ ⋊ ϕ A, where A is abelian. Then for any H ≤ G containing A, we have
The same is true for any H ≤ G projecting trivially onto A. Proof. Since #N ns (ℓ) = 2(ℓ 2 − 1), we have
however, certain subgroups of N ns (ℓ) may instead lie in the standard subgroup C ns (ℓ). By Lemma 3.10, any subgroup of N ns (ℓ) that is not contained in C ns (ℓ) must have order divisible by 2. One such order-2 subgroup is A ns (1, 0) (which is not conjugate to D ns (1, 0) , the unique order-2 subgroup of C ns (ℓ)), so by Lemma 3.9, the set of possible indices of subgroups of GL 2 (ℓ) belonging to N ns (ℓ) is Proof. Since finite abelian groups have subgroups of every order dividing the order of the groups, it follows that 
Proof. The result follows as in Lemma 3.5 after noting that [N s (ℓ) : C s (ℓ)] = 2.
Lemma 3.14. The set of indices of subgroups G of N s (ℓ) such that G belongs to C ns (ℓ) is the set of positive integers divisible by ℓ − 1 and dividing
has order 2(ℓ − 1), hence it is an index-(ℓ − 1) subgroup belonging to C ns (ℓ) (as the maximal cyclic subgroups of C s (ℓ) are of order ℓ − 1). Since any anti-diagonal element of N s (ℓ) squares to a diagonal element, 2(ℓ − 1) is the maximal order of an element of N s (ℓ), hence any subgroup of N s (ℓ) belonging to C ns (ℓ) has index divisible by ℓ − 1 in N s (ℓ). Now, since A s (1, α) 2 ∈ Z(ℓ) (the same is true for any other order 2(ℓ − 1) cyclic subgroup of N s (ℓ)), a subgroup of A s (1, α) is conjugate to a subgroup of Z(ℓ) if and only if its order divides ℓ − 1; thus, a subgroup of A s (1, α) is not conjugate to a subgroup of Z(ℓ) if and only if it contains the unique subgroup of order 2 ν2(ℓ−1)+1 . Since A s (1, α) is cyclic, it contains a unique subgroup of each possible order, and therefore
is indeed the set of indices of subgroups of N s (ℓ) belonging to C ns (ℓ). 
Proof. By Lemma 3.8, this is obtained by dividing all indices of I(GL
G belongs to N s (ℓ)}, which clearly yields the desired set. Proof. Observe that
is a subgroup of order 4(ℓ − 1) contained in N ns (ℓ), isomorphic to Z/2(ℓ − 1)Z ⋊ Z/2Z. By Lemma 3.10, any subgroup of N ns (ℓ) is either contained in C ns (ℓ) or has an index-2 subgroup contained in C ns (ℓ), hence by Lemma 3.14, #G | 2 · 2(ℓ − 1) = 4(ℓ − 1) for any G ≤ N s (ℓ) belonging to N ns (ℓ). Moreover, by Lemma 3.10, any subgroup of N s (ℓ) belonging to N ns (ℓ) must have order divisible by 2; as in Lemma 3.11, one such order-2 subgroup is A ns (1, 0) , so by Lemma 3.9, the set of possible indices of subgroups of N s (ℓ) belonging to Proof. The result follows as in Lemma 3.12 after noting that Z(ℓ) = {D ns (x, 0) : Lemma 3.18. The set of indices of subgroups G of N ns (ℓ) such that G belongs to C s (ℓ) is the set of positive integers divisible by ℓ + 1 and dividing ℓ 2 − 1.
Proof. Clearly,
is a subgroup of order 2(ℓ − 1) (isomorphic to Z/(ℓ − 1)Z × Z/2Z) belonging to C s (ℓ). For any G ≤ N ns (ℓ) belonging to C s (ℓ), the proof of Lemma 3.11 shows that G is conjugate to a subgroup of
since G has exponent dividing ℓ − 1. This group is further conjugate to (3.8) (via
. Now, a subgroup of (3.8) belongs to C s (ℓ) if and only if contains a multiple of A ns (1, 0) , that is, if and only if its order is divisible by 2. Thus,
as desired. 
Proof. The proof is as that of Lemma 3.15, applied to Lemma 3.6. Proof. Observe that
is a subgroup of order 4(ℓ − 1) contained in N s (ℓ). Moreover, by Lemma 3.10, any subgroup of N s (ℓ) is either contained in C s (ℓ) or has an index-2 subgroup contained in C s (ℓ), hence by Lemma 3.18, #G | 2 · 2(ℓ − 1) = 4(ℓ − 1) for any G ≤ N ns (ℓ) belonging to N s (ℓ). Now, any subgroup of N ns (ℓ) belonging to N s (ℓ) of order 4(ℓ − 1) is conjugate to N ns (ℓ) ∩ N s (ℓ), so it suffices to find the div-minimal subgroups of N ns (ℓ) ∩ N s (ℓ) belonging to N s (ℓ). Any such subgroup is either cyclic and generated by a non-diagonalizable matrix or non-abelian. Thus, in the first case, it must be generated by an element of Z(ℓ) · D ns (0, 1), or, if ℓ ≡ 1 mod 4, an element of Z(ℓ) · A ns (0, 1); regardless, the div-minimal order is 2 ν2(ℓ−1)+1 as in Lemma 3.6. In the latter case, it must be generated by two elements, each from a distinct set in
However, given any two such elements, multiplying them gives an element of the unchosen set, hence we may suppose without loss of generality that our subgroup is given by γ, δ , where γ ∈ Z(ℓ) · D ns (0, 1) and δ ∈ Z(ℓ) · A ns (1, 0). By Lemma 3.10, # γ, δ is div-minimal when #( γ, δ ∩ C s (ℓ)) is, so since 2 | # δ , we may assume δ = A ns (1, 0), and since 2 ν2(ℓ−1)+1 | # γ as in Lemma 3.6, we may assume γ = D ns (0, β),
ν 2 (ℓ−1) and α ∈ F × ℓ is a primitive root. Now, since γδγ −1 = A ns (−1, 0) ∈ γ, δ , it follows that
which is divisible by 2 ν2(ℓ−1)+1 , the div-minimal order in the first case. Thus, by Lemma 3.9, we have
as desired. Proof. The proof is as that of Lemma 3.15, applied to Lemma 3.11.
3.4. Borel cases.
Lemma 3.22. Let G ≤ B(ℓ), and suppose that G does not contain an element of order ℓ. Then G is conjugate to a subgroup of C s (ℓ).
Proof. Let H denote the image of G in PGL 2 (ℓ), and observe that S := {x : ( x y 0 1 ) ∈ H} forms a subgroup of F × ℓ , of which we let a be a generator (as it must be cyclic). Then there exists some γ := ( a b 0 1 ) ∈ H, and for any n, we have γ n = a n b(1 + a + · · · + a n−1 ) 0 1 , so a = 1 unless b = 0, as otherwise ord(γ) = ℓ (and all its lifts to B(ℓ) have order divisible by ℓ). If a = 1, then 1 + a + · · · + a n−1 = 0 if and only if
(1 − a)(1 + a + · · · + a n−1 ) = 1 − a n = 0, that is, ord(a) | n, from which it follows that ord(γ) = ord(a)
1 ∈ H and r be such that a −r = a ′ (which exists as a ′ ∈ S), we have
and so b ′ = −ba −r (1 + a + · · · + a n−1 ) since otherwise γ r γ ′ has order ℓ as above. But then γ ′ = γ −r , implying that H = γ is cyclic. Since every element of B(ℓ) has an eigenvalue in F ℓ , whereas no element of C ns (ℓ) \ Z(ℓ) has any eigenvalues over F ℓ (as those of D ns (x, y) ∈ C ns (ℓ) are x ± y √ ǫ ∈ F ℓ ), G is conjugate to a subgroup of C s (ℓ) by Proposition 2.1, as desired. 
the proof of Lemma 3.18 shows that
Also, I(G(ℓ); Z(ℓ)) = ∆(2ℓ | 2ℓ(ℓ − 1)) as before. Performing the analogous computations for H 1 (ℓ) and H 2 (ℓ) and taking unions gives the result if M is Z or C s .
For the case where M is C ns , observe that any subgroup of C ns (ℓ) conjugate to a subgroup of C s (ℓ) is contained in Z(ℓ): an element D ns (x, y) ∈ C ns (ℓ) is diagonalizable if and only if
that is, y = 0. Thus, I(G(ℓ), H 1 (ℓ), H 2 (ℓ); C ns (ℓ)) = ∅ by Lemma 3.22.
The case where M is N s is immediate from Lemma 3.22.
For the case where M is N ns , we must identify the non-scalar subgroups of G(ℓ) that are conjugate to a subgroup of N ns (ℓ). These cannot contain an element of order ℓ, so we may assume that they are subgroups of
. It immediately follows that I(G(ℓ); N ns (ℓ) = I(G(ℓ); C s (ℓ)); performing a similar analysis for H 1 (ℓ) and H 2 (ℓ) and taking unions then gives the desired result.
Proof of Theorem 1.4
Let E/K be an elliptic curve, for some number field K. The Mordell-Weil group E(K) contains a point of order ℓ if and only if ρ E,ℓ (Gal(K/K)) fixes a nonzero element of F 2 ℓ . Thus, as in the proof of Theorem 1.2, there exists a degree-d number field K and an elliptic curve E/Q for which E(K) contains a point of order ℓ if and only if ρ E,ℓ (Gal(Q/Q)) contains a degree-t subgroup fixing a nonzero element of F 2 ℓ for some t | d. The same is true of an elliptic curve E/K with j(E) ∈ Q \ {0, 1728} if and only if ρ E,ℓ (Gal(K/K)) is a twist of a degree-t subgroup of ρ E ′ ,ℓ (Gal(Q/Q)) for some elliptic curve E ′ /Q and t | d, and it fixes a nonzero element of
′ of H, and 1 ≤ i ≤ n},
and let div-min(S) denote the div-minima of a set S. By the above, it remains to determine the sets
where the elliptic curves in each union are assumed to satisfy j(E) = 0, 1728. We begin by determining the sets div-min I(G E (ℓ)) individually for every possible image G E (ℓ) = ρ E,ℓ (Gal(Q/Q)); the sets div-min I Q (G E (ℓ)) may be determined analogously. If E does not have CM, then G E (ℓ) is either GL 2 (ℓ) or one of the 63 exceptional groups listed in Table 1 by our assumption of Conjecture 1.1. The results for each exceptional subgroup were computed [31, 34] using Magma, and the div-minima of the unions of the two sets (4.1) of indices over each Excep(ℓ) are the sets I(Excep(ℓ)) and I Q (Excep(ℓ)), respectively, listed in Table 11 . The set div-min I(GL 2 (ℓ)) is determined by Lemma 4.1 below, and appears in Table 12 .
Now suppose E has CM. As in the proof of Theorems 1.2 and 1.3, G E (ℓ) is conjugate to N s (ℓ) (resp. N ns (ℓ)) if ℓ ∈ P (resp. ℓ ∈ Q); to either N s (ℓ), N ns (ℓ), G(ℓ), H 1 (ℓ), or H 2 (ℓ) if ℓ ∈ {3, 7, 11, 19, 43, 67, 163}, with each case occurring for some such E; and otherwise to either N s (ℓ) or N ns (ℓ), with each case again occurring for some such E [36, Prop. 1.14]. The set div-min I(N s (ℓ)) is determined by Lemma 4.2; the set div-min(I(N ns (ℓ)) by Lemma 4.3; and the set div-min I(G(ℓ), H 1 (ℓ), H 2 (ℓ)) by Lemma 4.4. All appear in Table 12 .
Finally, the sets appearing in Tables 7 and 6 are determined by letting T (ℓ) be the div-minima of the set 7, 11, 19, 43 , 67, 163},
and similarly for the sets T cm (ℓ) and T non-cm (ℓ). We now turn to the task of proving the lemmas used above, which will complete the proof of Theorem 1.4. Table 11 . div-Minima of the set of indices of subgroups G of some exceptional image G E (ℓ) = ρ E,ℓ (Gal(Q/Q)) listed in Table 1 such that a twist of G (or, in the third column, G itself) fixes a nonzero vector of F 2 ℓ .
G E div-min I(G E (ℓ)) div-min I Q (G E (ℓ))
(ℓ − 1)/2 Table 12 . div-Minima of the set of indices of subgroups G of G E (ℓ) such that a twist of G (or, in the third column, G itself) fixes a nonzero vector of F 2 ℓ , for each non-exceptional possible image G E (ℓ) = ρ E,ℓ (Gal(Q/Q)) (the final row should be interpreted in the manner of (4.1)).
which has order ℓ(ℓ − 1), hence index ℓ 2 − 1 in GL 2 (ℓ). Now, since −1 does not fix any nontrivial element of F ≤ G(ℓ) is a subgroup of order 2. Otherwise, if a = 1, then both types of elements fix every element of ( 1 0 ) , and together they form the index-(ℓ − 1) subgroup { 1 b 0 ±1 : b ∈ F ℓ } ≤ G(ℓ), which is maximal as its order, 2ℓ, is divisible by 2.
The same reasoning shows that the subgroup { 1 b 0 ±1 : b ∈ F ℓ } ≤ H 1 (ℓ) is maximal, and it also has order 2ℓ, hence index (ℓ − 1)/2.
For H 2 (ℓ), we obtain the same characteristic polynomials, but in this case elements −a b 0 a ∈ G(ℓ) with a = 1 each generate order-2 subgroups fixing b−1 1 , and the elements of H 2 (ℓ) with upper left-hand entry 1 form a subgroup of order ℓ, since ℓ ≡ 3 mod 4 by assumption and therefore −1 / ∈ (F × ℓ ) 2 . Thus, the two div-minimal indices of such subgroups of H 2 (ℓ) are ℓ − 1 and ℓ(ℓ − 1)/2.
Repeating the proof of Lemma 4.1 with GL 2 (ℓ) replaced by G(ℓ) and T replaced by each of the subgroups of G(ℓ) identified above in turn shows that I(G(ℓ)) = {(ℓ−1)/2}. Since −1 / ∈ H 1 (ℓ), H 2 (ℓ) as ℓ ≡ 3 mod 4 by assumption, any twist of a subgroup H of H 1 (ℓ) or H 2 (ℓ) is a subgroup of H, hence I(H 1 (ℓ)) = I Q (H 1 (ℓ)) = {(ℓ − 1)/2} and I(H 2 (ℓ)) = I Q (H 2 (ℓ)) = {ℓ − 1, ℓ(ℓ − 1)/2}. Thus, among G(ℓ), H 1 (ℓ), and H 2 (ℓ), the div-minimal index is (ℓ − 1)/2.
